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ABSTRACT 

We show that many of the recently proposed supersymmetric p-brane solutions of d=10 
and d=ll supergravity have the property that they interpolate between Minkowski spacetime 
and a compactified spacetime, both being supersymmetric supergravity vacua. Our results 
imply that the effective worldvolume action for small fluctuations of the super p-brane is a 
supersingleton field theory for {adS)p^2, as has been often conjectured in the past. 
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It is possible that particle physics in our four- dimensional (d=4) universe may ultimately 
be well-described by some compactification of a ten-dimensional (d=10) supergravity theory 
that serves as the effective field theory of a d=10 superstring theory. Even if superstring 
theory meets with complete success in this respect there will remain the question of why 
the universe 'chooses' to compactify six dimensions in a particular way and, indeed, why 
it 'chooses' to compactify any of them since d=10 Minkowski spacetime (A^io) is as good 
a vacuum solution as any other from a purely mathematical point of view. In contrast to 
solutions of simple flat space fleld theories there is no way to compare the energies of different 
compactifications and thus determine 'the' vacuum by flnding the one of lowest energy. In 
these circumstances it might be supposed that the choice of compactification must be left 
to some theory of initial conditions. An alternative is that all possible compactifications 
are already to be found in different spatial regions of a single (presumably ten-dimensional) 
universe. The particular region in which we find ourselves must then be decided by chance 
and/or anthropic considerations. Ideas along these lines, but within the context of a four- 
dimensional universe, have been suggested previously by Lindc [1], and the possibility of an 
interpolation between different compactifications of d=ll supergravity was suggested by van 
Baal et al. in their work on 'local compactification' [2] . 

A clue to progress in this direction is provided by consideration of the extreme Reissner- 
Nordstrom (RN) black hole as a solution of N=2 d=4 supergravity. This solution interpolates 
between 4-dimensional Minkowski spacetime (Ai^), at spatial infinity, and {adS)2 x S'^, down 
an infinite wormhole throat [3]. Both asymptotic spacetimes arc maximally-supcrsymmetric 
'vacua' of N=2 supergravity. We shall show here that many of the recently discussed extreme 
black p-brane solutions of d=10 [4-7] and d=ll [8,9] supergravity also interpolate between 
supersymmetric (although not always maximally supersymmetric) vacua. The cases that 
most closely resemble the RN prototype are 

(i) d=ll membrane (p=2) 

(ii) d=ll fivebrane (p=5) 

(ni) d=10 IIB self-dual threebrane (p=3) 

For these cases the p-brane interpolates between Md and {adS)p+2 x S^~p~^. The latter 
spacetimes are known to be maximally supersymmetric solutions (for the appropriate value 
of p) of the respective supergravity theories [10-12]. Like the extreme RN black hole, these p- 
brane solutions are non-singular and break only half the supersymmetry; they may therefore 
be regarded as examples of 'supersymmetric extended solitons'. 

An example that does not quite fit the above pattern is the 
(iv) d=10 fivebrane 

We shall show that this solution interpolates between Mio and Mrx S^. This is something 

of a smprise since no compactification of d=10 supergravity to Ai^ on has been previously 
described. As we shall sec, the explanation lies in the asymptotic behaviour of the dilaton 
field down the wormhole throat; rather than approach a constant, as it does for cases (i)-(iii) 
above, it approaches a linear function of the inertial coordinates of M7 (this behaviour is 
similar to certain d=4 'dilaton black holes' [13]). We shall show that there is indeed such a 
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compactification of d=10 supcrgravity but it is not maximally supersymmetric because, like 
the fivebrane solution itself, it breaks half the supersymmetry. That is, unlike cases (i)-(iii), 
the full supersymmetry is not restored in both asymptotic regions for case (iv). Nevertheless, 
the fivebrane solution is non-singular and supersymmetric, so it too can be regarded as a 
'supersymmetric extended soliton'. 

Black fourbrane and sixbrane solutions of d=10 supcrgravity were also described in [6]. 
The extremal cases of these solutions were shown in [14] to break only half the supersym- 
metry and, on this basis, were proposed as candidates for further 'supersymmetric extended 
solitons'. However, these solutions are singular in the extremal limit and do not interpolate 
between solutions of d=10 supcrgravity. 

A further implication of our work concerns the nature of the effective worldvolume action 
for the p-brane solutions of cases (i)-(iii) in which there is an interpolation between Minkowski 
spacetime and a lower-dimensional anti de Sitter spacetime. Far down the wormhole throat 
we have a supcrgravity theory compactified on a (d-p-2)-sphere to adSp^2- It is known from 
studies of these compactifications that the fields of a singleton supermultiplet of the adS 
supergroup appear as coefficients in the harmonic expansion of the d-dimensional fields on 
the (d-p-2)-sphere, but that these can be gauged away everywhere except at the boundary 
of adS [15]. This result is in accord with the currently accepted field theoretic interpretation 
of singleton irreps of adS groups, ie. that they are what we would now call topological field 
theories in that all physical degrees of freedom reside on the boundary [16-18]. In the current 
context the boundary is just the opening of the wormhole throat, which is perceived from 
the exterior as the p-brane core . We therefore conchide that the worldvolume fields of the 
effective p-brane action should be those of the appropriate adS singleton supermultiplet. 
These are as follows [19]: 

(i) 3-dimensional N=8 scalar supermultiplet 

(ii) 6-dimensional N=2 antisymmetric tensor multiplet 

(iii) 4-dimensional N=4 Maxwell supermutiplet 

In cases (i) and (iii) it is known that these are indeed the worldvolume fields by an 
analysis of the fluctuations about the p-brane solution [5,20]. In case (ii) one can deduce the 
worldvolume fields from the fact that they must include five Goldstone scalars associated 
with the breakdown of translation invariance at the p-brane in the five transverse directions 
and the fact that these fields must appear in an N=4 worldvolume supermultiplet, because 
this corresponds to the correct number of supersymmetries left unbroken by the solution. 
The unique 6-dimensional N=4 supermultiplet with five scalars is the antisymmetric tensor 
multiplet [21]. Note that the fermions of this multiplet transform as a 4-plet of USp(4) ~ 
Spin(5), as expected since an 5*0(5) group of rotations in the five-dimensional 'transverse' 
space is left unbroken by the fivebrane solution. 

It has been suggested at various times in the past that effective actions for super p- 

branes might be considered as supersingleton field theories associated with the appropriate 
supergroup extension of the {adS)p+2 group [22,23,19]. Since this group acts as a conformal 
supergroup on the boundary and since the superstring action has worldsheet conformal- 
invariance (in the 'conformal' gauge) this proposal is most natural for superstrings. However, 
it is known that the effective action for small (i.e. to quadratic order) fluctuations of a 



3 



membrane at the boundary of adS space is also conformally invariant [19,20]. Our results 
provide significant further evidence for the connection between supersingleton field theories 
and super p-branes. 

All of the metrics to be considered here have the form 



dsi = - [1 - (!!)<''-'-="] [1 - (!:^)(<'-'-3i]*-i<i(2 + [1 _ (i^f-'-y-d^ . 



for constants 7a; and 7r, and where dil'^^_p_2-^ is the 'round' metric on the (d-p-2)-sphere 
(although it is straightforward to extend the results we will obtain below to the case in which 
it is any Einstein metric on S^'^~'P~^'>). These metrics are asymptotic to the fiat metric on 
d-dimensional Minkowski space, M.dj as r ^ cxo. They have an outer horizon at r = r_|_ 
and an inner horizon at r = r_, in close analogy with the RN black hole solution of d=4 
Einstein-Maxwell theory, which is in fact a special case of the above metric with 4 = 4, 
p = 0, 7r- = — 1 and — 2. In those cases for which there is a dilaton field field 0, it will 
take the form 

e-2<^= (2) 

for some constant 7^ (in the solutions of interest here). We are principally interested in the 
extreme case for which r+ — r- — a. In this case the metric is 

dsl =[l- (^) '^''-P-'^] [-dt^ + d^- rfx] 

^ (3) 
+ [1- (^)l<'-!'-^)]>-Vr^ + r^[l- (^)"'-''-'V'"''*"i.-2 

which can be interpreted as the metric of a flat, static, and infinite p-brane. However, only 
if 7j. = — 1 is this metric non- singular at r = a, so only in this case are these solutions 
candidates for 'extended solitons'. Note that this excludes all but the threebrane case of 
those metrics considered in [14]. The extremal p-branes of cases (i)-(iv) mentioned above 
all have 7,. = — 1 and are non-singular at r = a. The other exponents are, in each of these 
cases, 

(i) 7a; = i 

(ii) 7cc = 3 

(iii) Jx = ^ and 7^ = 

(iv) 7a; = and 7^ = 1 

To examine the behaviour as r — > a in these cases we return to the non-extremal metric 
(1) and introduce the new coordinates 

t' = (^^iP^y'^t x-=(^^-^-^^V^x p =. " InC-^) , (4) 
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where S is defined by — r+ — r-, and we have now set r+ = a. The horizon is now 
at p = oo. For fixed r, p ^ oo in the extremal hmit 5 — 0, so the new coordinates are 
appropriate for a description of the asymptotic metric down the wormhole throat. Taking 
the 5 — > limit we find that 

dsl [-{dt'f + dx' • dx'] + dp^ + a^dfll_p_2 . (5) 

Similarly, we find the asymptotic form 

= const - M^-P-^\ p (6) 
a 

of the dilaton (when apphcable). When 7x 7^ the metric (5) is an invariant metric on 
{adS)p+2 X S'^-P-^. This happens for cases (i)-(iii) for which the corresponding p-brane 
solution interpolates between A^d ^-nd 

(i) {adS)4 X 

(ii) {adS)7 X 

(iii) {adS)5 X 

These are all known compactifications of d=ll and d=10 supergravity, preserving all the 
supersymmetry. 

The above three cases are all closely analogous to the d—A extreme RN black hole, but 
this analogy is closest for the self-dual thrce-brane as we now explain. The extreme RN 
black hole has a conformal isometry that exchanges the two asymptotic regions [24]. The 
generalization to p-brane solutions of the form (1) with 7^ = — 1 involves the consideration 
of a new radial coordinate r given by 

f.{d-p-3.) _ Q(d-p-3) ^ ^ 



The new metric is then conformal to the original one if 7a; = 2/{d — p — 3). This condition is 
satisfied by the d=4 extreme RN solution. Of the above three p-brane solutions it is satisfied 
only by the self-dual threebrane. 

For the d=10 fivebrane we have instead an interpolation between Alio and 
(iv) Mr X 

with a dilaton that is linear in the inertial coordinates of Air- Such a compactification of 
d — 10 supergravity has not been previously described in the literature but it must exist 
because a solution of the field equations remains a solution in the limit 5 — > discussed 
above. To verify this we shall need the bosonic action of d=10 supergravity 

[ d^\^ge-^^ {R + m? - ^H'] , (8) 
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where H is a, three form field strength. The field equations are 



= Rmn - \hmpqHn^^ + 2VMdN(p 

O^VMiV^e-'^H^^P) (9) 

= 4(50)2 - 4V20 -R + ^HmnpH^''''' • 

We now split the coordinates into two sets, x'^ (// = 0, 1, . . . , 6) for M.7 and y"* (m = 
1,2,3) for a compact 3-space, and we make the ansatz 

Hmnp — kern ^abc ~ 2^ ^ ' (■'■'-') 

where em°'{y) is the dreibein for the 3-space, k and k' are constants, and n is a unit spacelike 
7-vector. The Einstein equation now yields 

Rab = Ik^Sab (11) 

which implies that the 3-space is with inverse radius k. The antisymmetric tensor equation 
is trivially satisfied while the (f) equation is satisfied if k' — k. Hence M.7 x with a linear 
dilaton is a solution. 

We remark that a similar compactification to on x also exists provided the two 
three-spheres have the same radius. Such a compactification was considered previously [25], 
with a different ansatz for the dilaton field (f>, but the solution found there was unacceptable 
[26] (because singular in 0). In fact, in [26] a 'no-go' theorem was proved, under certain 
premises, that rules out such compactifications. The solution found here evades this theorem 
because the linear dilaton was excluded by the premises of the theorem. 

To determine how many supersymmetries are preserved by the compactification we 
need the fermion supersymmetry transformation laws in a bosonic background. These are 

= VM(<^")e = dme + i^^ab^^^^ 

where a;~ is the connection with torsion uj~ — 00 — (we use here the results of [27] 
with uj — > —Oi) and a rescaled H). We have = for our solution because —^H is the 
parallelizing torsion for the 3-sphere, while SX — implies, using k' — k, that 

in • re - ^r-^'^Habce = (13) 

Since e is chiral, r^^'^e = e'^^^^-je where 77 = r^r-*^ • • -r^, which satisfies (77)^ = 1. Hence 
(13) imphes that 

77n-re = e (14) 
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The matrix ^jn-T squares to unity and has zero trace, which means that of the 16 possible 
hnearly independent chiral d=10 spinors only 8 linearly independent combinations satisfy 
(13). The solution therefore breaks half the supersymmetry. Thus, the d=10 fivebrane, 
which itself breaks half the supersymmetry, does not interpolate between maximally super- 
symmetric vacua. 

Up to now we have regarded the d=10 fivebrane as a solution of N=l d=10 supergravity, 
but it is also a solution of the d=10 N=2A and N=2B supergravity theories. We conclude 
with some remarks on these cases. In the case of the N=2A theory, one would expect, in 
view of the fact that this theory is the dimensional reduction of d=ll supergravity, that the 
worldvolume field content should be the same as in that theory, i.e. the six-dimensional N=4 
antisymmetric tensor multiplet, which contains five worldvolume scalars. This is known to 
be true from an analysis of small fluctuations about the d=10 N=2A fivebrane solution [5]. 
The d=10 N=2B theory is more problematic; a similar small fluctuation analysis [5] led to 
the conclusion that the worldvolume fields are those of the N=4 Maxwell supermultiplet. 
This does not fit easily with the proposal that the linearized worldvolume field theory (at 
least) is to be identified as a supersingleton field theory because the N=4 Maxwell theory is 
not conformally invariant in six dimensions. It may be that this is attributable to the fact 
that the core of the d^lO fivebrane is not asymptotic to {adS)7 x but rather M.7 x S^, 
as we have seen, but it may also be that the worldvolume field content has been mis- 
identified. Evidence for mis-identification is the fact that the N=2B theory has a rigid 
L'^(l) symmetry which is broken by the fivebrane solution; one would therefore expect a 
worldvolume Goldstone field for this broken U{1), in addition to the four Goldstone modes 
of broken translation invariance. This would mean that there should be five rather than 
four worldvolume scalars, just as for the N=2A fivebrane. Given that the only worldvolume 
fermions are those arising from the partial breaking of supersymmetry, these fields can only 
fit into an antisymmetric tensor multiplet, as for the N=2A case. 
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